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ABSTRACT
Let X be a topological space. For any positive integer n, we consider the n-fold symmetric product of X , Fn(X ), consisting of

all nonempty subsets of X with at most n points; and for a given function f ∶ X → X , we consider the induced functions

Fn(f )∶ Fn(X ) → Fn(X ). LetM be one of the following classes of functions: exact, transitive, ℤ-transitive, ℤ+-transitive,

mixing, weakly mixing, chaotic, turbulent, strongly transitive, totally transitive, orbit-transitive, strictly orbit-transitive,

!-transitive, minimal, IN , T T++, semi-open and irreducible. In this paper we study the relationship between the following

statements: f ∈M and Fn(f ) ∈M.
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1. INTRODUCTION

In the last 30 years, discrete dynamical systems had been greatly developed. This is because they are

very useful to model problems of other Sciences such as: Chemistry, Physics, Biology and Economics.

In the literature we can �nd several types of dynamical systems: exact, mixing, weakly mixing,

transitive, totally transitive, strongly transitive, chaotic, minimal and irreducible. Several of these

systems are introduced for metric spaces and have been extensively studied, see [1], [5], [7], [10],

[21], [26], [25], [27], [30] and [40].

In particular, transitivity is one of the most important properties in topological dynamics, it

was introduced in 1920 by G. D. Birkho� [10], for metric spaces. Since then, this concept has been

studied extensively. This notion has been generalized to topological spaces. In addition, other
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very similar de�nitions have been given, which are related or are equivalent to the transitivity in

topological spaces with particular properties, namely: orbit-transitivity, strictly orbit-transitivity

and !-transitivity, see [2] and [34]. Also, in [9], the notions of ℕ-transitivity, ℕ0-transitivity and

ℤ-transitivity are introduced.

With respect to the nonmetric case, Gottschalk and Hedlund [19] study the dynamics of trans-

formation groups in uniform spaces. The authors of [12] and [13] consider notions of expansion

in the class of uniform spaces. Hood in [22] de�nes entropy for uniform spaces. In [3] the authors

generalize many known results about equicontinuity to the uniform world and in [18] several

concepts are de�ned on Hausdor� spaces or Tychono� spaces, for example, the authors prove that

in a Tychono� space, transitivity and dense periodic points imply (uniform) sensitivity to initial

conditions. They also study versions of shadowing, generalizing a number of well-known results to

the topological setting.

On the other hand, the hyperspace theory had its beginnings in the early 1900’s, with the works

of F. Hausdor� and L. Vietoris. Given a compact metric space X , the hyperspaces of X most studied

are: the hyperspace 2
X

which consists of all the nonempty compact subsets of X ; given a natural

number n, the hyperspace Cn(X ) consisting of the elements of 2
X

that have the most n components

(the n-fold hyperspace of X ); and the hyperspace Fn(X ) formed by the elements of 2
X

which have at

most n points (the n-fold symmetric product of X ). Each of them is topologized with the Hausdor�

metric. These hyperspace are extensively studied in continuum theory [23], [33] and [24].

Given a compact metric space X and a map (continuous function) f ∶ X → X , consider the

induced function 2
f
∶ 2

X
→ 2

X
such that 2

f
(A) = f (A), for each A ∈ 2

X
. De�ne Cn(f ) = 2

f
|Cn(X )

and Fn(f ) = 2
f
|Fn(X )

. Thus, the dynamical system (X , f ) induces dynamical systems (2
X
, 2
f
),

(Cn(X ),Cn(f )) and (Fn(X ),Fn(f )). Note that we require the continuity of the function f in order

to have well de�ned induced function on 2
X

and Cn(X ). This is not the case for Fn(f ), this is well

de�ned for a not necessarily continuous function.

One line of research consists of analyze the relationships between the dynamical system (X , f )

and the dynamical systems (2
X
, 2
f
), (Cn(X ),Cn(f )) and (Fn(X ),Fn(f )). The �rst study of the induced

dynamical systems on hyperspaces is given by Bauer and Sigmund in 1975 [8]. However, during

the last quarter of the 20th century, the study of induced dynamics on hyperspaces was fairly

inactive. In recent years, the research on hyperspace dynamics has been considered, for example:

Román-Flores on transitivity [40]; J. Banks on Chaos [5]; Peris on mixing, weak mixing, transitivity

and Auslander-Yorke chaos [39]; Liao et al. [30] on transitivity, mixing and chaos; Peña and López

on entropy [37]; Kwietniak and Oprocha on entropy, mixing and weak mixing [27]; Wang et al.

[44] on sensitivity; Lampart and Raith on entropy [28]; Li on stronger forms of sensitivity [29]; and

Fernández et al. [14] on chain transitivity.

Particularly, the n-fold symmetric product of X , Fn(X ), is introduced in 1931 by K. Bursuk and

S. Ulam [11]. Several topological properties are studied, for example see [31], [32] and [35]. Other,

researchers have studied dynamical properties of symmetric products, for example: Kwietniak and

Misiurewicz on chaos [26]; Higuera and Illanes on transitivity, chaos, sensitivity and mixing [16];

Gómez-Rueda et al. [16] on periodicity, recurrence, quasi-periodicity, wandering points, shadowing

and exactness; and Barragán et al. [7] on transitivity, chaocity, mixing, weak mixing, strongly

transitivity, totally transitivity and irreducibility.

It is remarkable that there exists a variety of results about dynamical properties on hyperspaces,

when X is a continuum and f a surjective map [7], [16] and [21]. Recently, in [17], C. Good and S.

Macías investigated some topological properties of n-fold symmetric product Fn(X ), when X is a

Hausdor� topological space. Liang-Xue Peng and Yuan Sun [38] and Tang et al. [42] also obtain

information about the n-fold symmetric product of Hausdor� spaces.

In this paper we analyze the relationship that exists between the following dynamical systems

(X , f ) and (Fn(X ),Fn(f )) when X is a topological space. Speci�cally, ifM is one of the following

classes of functions: exact, transitive, ℤ-transitive, ℤ+-transitive, mixing, weakly mixing, chaotic,

turbulent, strongly transitive, totally transitive, orbit-transitive, strictly orbit-transitive, !-transitive,
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minimal, IN , T T++, semi-open or irreducible, we study the relationships between the following

statements:

(1) f ∈M.

(2) Fn(f ) ∈M.

The paper has six sections. In Section 2, we recall the basic de�nitions and give the notation

required. In Section 3, we study the necessary topological properties of n-fold symmetric product

that we need for the corresponding results of dynamical properties of the induced function Fn(f ).

In Section 4, we see the relationship between the functions f and Fn(f ), when one of these is: ℤ-

transitive, mixing, semi-open, exact, transitive, weakly mixing, totally transitive, strongly transitive,

minimal, chaotic and turbulent. In Section 5, we analyze the problem given in Section 4, when one

of the functions is: orbit-transitive, strictly orbit-transitive, !-transitive, IN , T T++ ℤ-transitive and

ℤ+-transitive. Finally, in Section 6, we investigate the problem of Section 5 giving conditions to the

phase space X and/or to the function f .

2. DEFINITIONS AND NOTATIONS

A set is said to be nondegenerate if it has more than one point. A (discrete) dynamical system is a

pair (X , f ), where X is a nondegenerate topological space and f ∶ X → X is a function, X is called

the phase space. Let X be a topological space and let A be a subset of X , clX (A) and intX (A) denote

the closure and interior of the set A in X , respectively. The symbols ℤ, ℤ+ and ℕ denote the set

of integers, the set of nonnegative integers and the set of positive integers, respectively. If X is a

topological space, the Cartesian product of X with itself n times is denoted by X
n
.

Given a dynamical system (X , f ), for each k ∈ ℕ, the kth iteration of f is de�ned as the repeated

composition of f with itself k times and is denoted by f
k
. This is, f

k
= f ◦ f

k−1
, where f

1
= f and

f
0
= idX , the identity function on X . For a subset A of X and k ∈ ℤ, we denote by f

k
(A) the image

of A under f
k
, where k ≥ 0, and the preimage under f

∣k∣
where k < 0. If z ∈ X , f

−k
(z) denotes the

set f
−k
({z}), for each k > 0.

Let (X , f ) be a dynamical system and let x ∈ X . The orbit of x under f is the set O(x, f ) = {f
k
(x) ∣

k ∈ ℤ+}. A point x of X is a transitive point of the function f if the set O(x, f ) is dense in X . The

set of transitive points of f is denoted by trans(f ). The point x is a �xed point of f if f (x) = x . The

point x is a periodic point of f if there exists k ∈ ℕ such that f
k
(x) = x . The set of periodic points of

f is denoted by Per(f ). If k = min{m ∈ ℕ ∣ f
m
(x) = x}, we say that k is the period of x under f . A

point y in X is a !-limit point of x under f if for any k ∈ ℕ and for any open subset U of X such

that y ∈ U , there exists a positive integer m ≥ k such that f
m
(x) ∈ U . The set of !-limit points of x

under f , is denoted by !(x, f ) and is called !-limit set of x . Given a subset A of X , we say that A is

+invariant under f if f (A) ⊆ A, A is −invariant under f if f
−1
(A) ⊆ A and A is invariant under f if

f (A) = A. For subsets A and B of X , we de�ne the following subsets of ℤ:

a) N
f
(A, B) = {k ∈ ℤ ∣ A ∩ f

−k
(B) ≠ ∅},

b) n
f
(A, B) = {k ∈ ℤ+ ∣ A ∩ f

−k
(B) ≠ ∅}.

A topological space X is pseudo-regular if for any nonempty open subset U of X , there exists a

nonempty open subset V of X such that clX (V ) ⊆ U [34]. The topological space X is partially
compact and pseudo-regular if there exists a nonempty open subset U of X such that clX (U ) is

compact and pseudo-regular [34]. Let X be a topological space, let A be a subset of X and let a ∈ A.

We say that a is an isolated point of A if there exists an open subset U of X such that U ∩ A = {x}.

A point x of X is a quasi-isolated point of X if there exists a dense subset B of X such that x ∈ B

and x is an isolated point of B [34]. A topological space is perfect if it does not have isolated points.

The following de�nitions can be found in [2], [10] and [34].

Let X be a topological space and let f ∶ X → X be a function. Then f is:

∙ Transitive, if for every pair of nonempty open subsets U and V of X , there exists k ∈ ℕ such

that f
k
(U ) ∩ V ≠ ∅ (equivalently, for each pair of nonempty open subsets U and V of X ,

n
f
(U , V ) ⧵ {0} ≠ ∅).
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∙ Chaotic, if it is transitive and Per(f ) is dense in X .

∙ Exact, if for each nonempty open subset U of X , there exists k ∈ ℕ such that f
k
(U ) = X .

∙ IN , if X is not the union of two proper, closed and +invariant subsets under f of X .

∙ Irreducible, if the only closed subset A of X such that f (A) = X is X .

∙ Minimal, if for each nonempty closed +invariant subset under f A of X , we have that A = X .

∙ Mixing, if for each pair of nonempty open subsets U and V of X , there exists N ∈ ℕ such

that f
k
(U ) ∩ V ≠ ∅, for all k ≥ N .

∙ !-transitive, if there exists x ∈ X such that !(x, f ) = X .

∙ Orbit-transitive, if there exists x ∈ X such that clX (O(x, f )) = X .

∙ Semi-open, if for each nonempty open subset U of X , it follows that intX (f (U )) ≠ ∅.

∙ Strictly orbit-transitive, if there exists a point x in X such that clX (O(f (x), f )) = X .

∙ Strongly transitive, if for each nonempty open subset U of X , there exists s ∈ ℕ such that

X = ⋃
s

k=0
f
k
(U ).

∙ Totally transitive, if f
s

is transitive, for all s ∈ ℕ.

∙ T T++, if for any pair of nonempty open subsets U and V of X , the set n
f
(U , V ) is in�nite.

∙ Turbulent, if there exist compact nondegenerate subsets C and K of X such that C ∩ K has

at most one point and K ∪ C ⊆ f (K) ∩ f (C).

∙ Weakly mixing, if for any nonempty open subsets U1, U2, V1 and V2 of X , there exists k ∈ ℕ

such that f
k
(Ui) ∩ Vi ≠ ∅, for each i ∈ {1, 2}.

∙ ℤ-transitive, if for each pairs of nonempty open subsetsU andV ofX , the subsetN
f
(U , V ) ≠ ∅.

∙ ℤ+-transitive, if for all pair of nonempty open subsets U and V of X , the set n
f
(U , V ) ≠ ∅.

In the diagram of Figure 1, we put the inclusions between some of these classes of functions for the

general case, this is when X is a topological space and f ∶ X → X is a function. For the proofs of

these inclusions see [2], [9] and [34].

IN ℤ-transitive Orbit-transitive

T T++ ℤ+-transitive Strictlyorbit-transitive

Stronglytransitive Transitive !-transitive

Surjective Totallytransitive Chaotic

Exact Mixing Weaklymixing

Figure 1. Relationships between functions

Given a topological space X and a function f ∶ X → X , it is not di�cult to verify that f is

minimal if clX (O(x, f )) = X , for each x ∈ X .

When we add properties to the phase space or the function in Figure 1, we obtain other rela-

tionships, namely: Let X be a topological space and let f ∶ X → X be a function. If f is a map

(continuous function), it follows that: if f is weakly mixing, then f is totally transitive ([5, Theorem

1 (e)]); if f is strictly orbit-transitive, then f is !-transitive [34, Theorem 3.2]; f is minimal if and

only if clX (O(x, f )) = X , for each x ∈ X . Also, if X does not have quasi-isolated points, it follows

that: (a) if f is orbit-transitive, then f is transitive [34, Theorem 4.1]; (b) if f is orbit-transitive,
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then f is strictly orbit-transitive [34, Theorem 2.7]; and (c) if f is strictly orbit-transitive, then f is

!-transitive [34, Theorem 3.2].

THEOREM 2.1. Let X be a topological space, let f ∶ X → X be a map and let n ∈ ℕ. Then the following

are equivalent:

(1) f is weakly mixing.

(2) For each m ≥ 2 and for all nonempty open subsets U1, … , Um , V1, … , Vm of X , there exists k ∈ ℕ

such that f
k
(Ui) ∩ Vi ≠ ∅, for each i ∈ {1, 2, … ,m}.

(3) For any nonempty open subsets U , V1, V2 of X , there exists k ∈ ℕ such that f
k
(U ) ∩ Vi ≠ ∅, for

each i ∈ {1, 2}.

Proof. Suppose that f is weakly mixing. LetU1, … , Um ,V1, … , Vm be nonempty open subsets ofX . By

[15, Proposition II.3], the product map f
×m

∶ X
m
→ X

m
such that f

×m
(x1, … , xm) = (f (x1), … , f (xn))

is transitive. Hence, there exists k ∈ ℕ such that f
k
(Ui) ∩ Vi ≠ ∅, for each i ∈ {1, 2, … ,m}. Therefore,

we have that (1) implies (2).

Suppose that for each m ≥ 2 and for any nonempty open subsets U1, … , Um , V1, … , Vm of X , there

exists k ∈ ℕ such that f
k
(Ui) ∩ Vi ≠ ∅, for each i ∈ {1, 2, … ,m}. Let U , V1, V2 be nonempty open

subsets of X . Then, by hypothesis, there exists k ∈ ℕ such that f
k
(U ) ∩ Vi ≠ ∅, for each i ∈ {1, 2}.

Thus, we have that (2) implies (3).

The fact that (3) implies (1) is proven in [4, Lemma 5]. □

3. SOME PROPERTIES ON SYMMETRIC PRODUCTS

Hyperspaces theory started about 1900, with the work of F. Hausdor� [20] and L. Vietoris [43].

Nowadays hyperspaces are widely studied, mainly in continuum theory, see [23], [33] and [24]. We

study dynamical properties of n-fold symmetric products, introduced at 1931 by K. Borsuk and S.

Ulam [11].

Given a topological space (X , � ) and a positive integer n, we de�ne the n-fold symmetric product
of X by:

Fn(X ) = {A ⊆ X ∣ A ≠ ∅ and A has at most n elements}.

This hyperspace is considered with the Vietoris topology [24]. Next, we describe this topology.

Given a �nite collection of nonempty subsets U1, … , Um of X , we denote by ⟨U1, … , Um⟩n the

subset of Fn(X ):
{

A ∈ Fn(X ) ∣ A ⊆

m

⋃

i=1

Ui and A ∩ Ui ≠ ∅, for each i ∈ {1, … ,m}

}

.

The family:

B = {⟨U1, … , Um⟩n ∣ Ui ∈ � , for each i ∈ {1, … ,m} and m ∈ ℕ}

forms a base for a topology on Fn(X ), which is denoted by �V , and called Vietoris topology.

The following theorem was proved in [21, Lemma 4.2].

THEOREM 3.1. Let (X , � ) be a topological space and let n ∈ ℕ. Then

�
′
= {⟨U1, … , Un⟩n ∣ Ui ∈ � , for each i ∈ {1, … , n}}

is a base for the Vietoris topology �V on Fn(X ).

The following result is easy to establish [11, p. 877], [17, Lemma 2.8] and [23, p. 8].

THEOREM 3.2. Let X be a topological space and let n ∈ ℕ. Then the following hold.

(1) fn ∶ X
n
→ Fn(X ) given by fn((x1, … , xn)) = {x1, … , xn}, for each (x1, … , xn) ∈ X

n
, is a map.

(2) If A ∈ Fn(X ), then fn(A
n
) = Fn(A).

(3) If U1, … , Un are subsets of X , then:

clFn(X )
(⟨U1, … , Un⟩n) = ⟨clX (U1), … , clX (Un)⟩n .

(4) If U is an open subset of Fn(X ), then ⋃U is an open subset of X .

(5) If A ⊂ X and A is compact, then ⟨A⟩n is compact.

(6) If A ⊆ X and A is closed in X , then ⟨A⟩n is a closed subset in Fn(X ).
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DEFINITION 3.3. Let X be a topological space, let f ∶ X → X be a function and let n ∈ ℕ. The function

denoted by Fn(f ) ∶ Fn(X ) → Fn(X ) and de�ned by:

Fn(f )(A) = f (A), for each A ∈ Fn(X )

it is call induced function by f to hyperspace Fn(X ).

REMARK 3.4. Let X be a topological space, let f ∶ X → X be a function, and let n ∈ ℕ. It follows that

the dynamical system (X , f ) induces the dynamical system (Fn(X ),Fn(f )).

THEOREM 3.5. Let X be a topological space, let f ∶ X → X be a function, let F be a subset of X and

let n ∈ ℕ. If F is +invariant under f in X , then ⟨F⟩n is +invariant under Fn(f ) in Fn(X ).

Proof. Suppose that F is +invariant under f . We prove that ⟨F⟩n is +invariant under Fn(f ) in Fn(X ).

Let A ∈ ⟨F⟩n . Then A ⊆ F and f (A) ⊆ f (F ). Since F is +invariant under f , f (A) ⊆ F . Hence,

f (A) ∈ ⟨F⟩n . Now, since Fn(f )(A) = f (A), we obtain that Fn(f )(A) ∈ ⟨F⟩n . Thus, Fn(f )(⟨F⟩n) ⊆ ⟨F⟩n .

Therefore, ⟨F⟩n is +invariant under Fn(f ) in Fn(X ). □

The following theorem shows that the continuity of the function in [21, Lemma 4.7] is not

necessary.

THEOREM 3.6. Let X be a topological space, let f ∶ X → X be a function and let n ∈ ℕ. The set

Per(f ) is a dense subset in X if and only if Per(Fn(f )) is a dense subset in Fn(X ).

Proof. Suppose that Per(f ) is a dense subset in X . We prove that Per(Fn(f )) is a dense subset in

Fn(X ). Let U be a nonempty open subset of Fn(X ). Then, by Theorem 3.1, there exist nonempty

open subsets U1, … , Un of X such that ⟨U1, … , Un⟩n ⊆ U . Since Per(f ) is a dense subset of X , we

have that, for each i ∈ {1, … , n}, Per(f ) ∩ Ui ≠ ∅. For each i ∈ {1, … , n}, let xi ∈ Per(f ) ∩ Ui . Then,

for each i ∈ {1, … , n}, there exists ki ∈ ℕ such that f
ki (xi) = xi . Let k = k1⋯kn . It follows that, for

each i ∈ {1, … , n}, f
k
(xi) = xi . Let A = {x1, … , xn}. Note that A ∈ ⟨U1, … , Un⟩n and [Fn(f )]

k
(A) = A.

Then A ∈ U ∩ Per(Fn(f )). Thus, U ∩ Per(Fn(f )) ≠ ∅. Therefore, Per(Fn(f )) is a dense subset of

Fn(X ).

Now, suppose that Per(Fn(f )) is a dense subset in Fn(X ), we show that Per(f ) is a dense subset

of X . Let U be a nonempty open subset of X . Then ⟨U⟩n is a nonempty open subset of Fn(X ).

Since Per(Fn(f )) is dense in Fn(X ), we have that Per(Fn(f )) ∩ ⟨U⟩n ≠ ∅. Let A = {x1, … , xr} ∈

Per(Fn(f )) ∩ ⟨U⟩n . Then, there exists k ∈ ℕ such that [Fn(f )]
k
(A) = A and A ⊆ U . Hence, f

k
(A) = A

and A ⊆ U . It follows that f
k
∣A ∶ A → A is a permutation. Since A is a �nite subset, we have that

the number of permutations of A is r !. Then there exists m ∈ ℕ such that (f
k
)
m
∣A= idA. Thus, for

each i ∈ {1, … , r}, f
km

(xi) = xi and xi ∈ U . Therefore, U ∩ Per(f ) ≠ ∅ and Per(f ) is a dense subset

in X . □

The following results extends [38, Proposition 8] to arbitrary topological spaces.

THEOREM 3.7. Let (X , � ) be a topological space. Then X has a countable base if and only if Fn(X ) has

a countable base.

Proof. Let 
 = {Vi ∈ � ∣ i ∈ ℕ} be a countable base of X . We prove that:



′
= {⟨V1, … , V

l
⟩n ∣ Vi ∈ 
 , for each i ∈ {1, … , l} and l ∈ ℕ}

is a countable base ofFn(X ). Clearly,

′

is a countable collection. By Theorem 3.1,�
′
={⟨U1, … , Un⟩n ∣

Ui ∈ � , for each i ∈ {1, … , n}} forms a base for the Vietoris topology, �V , onFn(X ). Hence, it is enough

to verify that for everyA ∈ �
′

and for each A ∈ A, there exist V1, … , V
l

in 
 , with l ∈ ℕ, such that

A ∈ ⟨V1, … , V
l
⟩n ⊆ A. LetA ∈ �

′
and letA = {x1, … , x

k
} ∈ A. By Theorem 3.1, there exist nonempty

open subsets U1, … , Un of X such that A ∈ ⟨U1, … , Un⟩n ⊆ A. Let Uxi
= ⋂{U ∈ {U1, … , Un} ∣ xi ∈

U}, for each i ∈ {1, … , k}. Note that A ∈ ⟨Ux1
, … , Ux

k
⟩n ⊆ ⟨U1, … , Un⟩n . By hypothesis, for each

i ∈ {1, … , k}, there exists Vi ∈ 
 such that xi ∈ Vi ⊆ Uxi
. Then, A ∈ ⟨V1, … , V

k
⟩n ⊆ A, with

⟨V1, … V
k
⟩n ∈ 


′
. Therefore:



′
= {⟨V1, … , V

l
⟩n ∣ Vi ∈ � for each i ∈ {1, … , l} and l ∈ ℕ}

is a base of Fn(X ).
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Suppose that Fn(X ) has a countable base V. Let B = {⋃V ∣ V ∈ V}. By Theorem 3.2, part (4),

the elements ofB are open subsets of X , clearly,B is a countable set. We prove thatB is a base for X .

Let U be an open subset of X and let x ∈ U . Then ⟨U⟩n is an open subset of Fn(X ) and {x} ∈ ⟨U⟩n .

Since V is a base of Fn(X ), there exists U ∈ V such that {x} ∈ U ⊂ ⟨U⟩n . Then x ∈ ⋃U ⊂ U .

Note that ⋃U ∈ B. Therefore, B is a countable base for X . □

THEOREM 3.8. Let X be a topological space and let n ∈ ℕ. Then X is T1 if and only if Fn(X ) is T1.

Proof. Suppose that X is T1, we see that Fn(X ) is T1. Let A and B be distinct points of Fn(X ). Then

A ⊈ B or B ⊈ A. Without loss of generality, we assume that A ⊈ B. Hence, there exists a ∈ A

such that a ∉ B. Let B = {b1, … , b
l
}. Thus, for any j ∈ {1, … , l}, a ≠ bj . Since X is a T1 space, for

each j ∈ {1, … , l}, there exist open subsets Uj and Vj of X such that a ∈ Uj ⧵ Vj and bj ∈ Vj ⧵ Uj .

Let U = ⋂
l

i=1
Ui . Note that, U is an open subset of X such that A ∈ ⟨X , U ⟩n ⧵ ⟨V1, … , V

l
⟩n and

B ∈ ⟨V1, … , V
l
⟩n ⧵ ⟨X , U ⟩n . Therefore, Fn(X ) is a T1 space.

Now, suppose thatFn(X ) is T1, we prove thatX is T1. Let x and y be distinct points ofX . Then {x}

and {y} are di�erent points of Fn(X ). Since Fn(X ) is a T1 space, there exist open subsets U and V

of Fn(X ) such that {x} ∈ U ⧵V and {y} ∈ V ⧵U . Then there exist open subsets V1, … , V
l
, U1, … , Ur

of X such that {x} ∈ ⟨U1, … , Ur⟩n ⧵ ⟨V1, … , V
l
⟩n and {y} ∈ ⟨V1, … , V

l
⟩n ⧵ ⟨U1, … , Ur⟩n . This implies

that x ∈ ⋂
r

j=1
Uj and there exists k ∈ {1, … , l} such that x ∉ V

k
. Also, y ∈ ⋂

l

j=1
Vj and there exists

m ∈ {1,… , r} such that y ∉ Um . Let U = ⋂
r

j=1
Uj and V = ⋂

l

j=1
Vj . Then U and V are open subsets

of X , x ∈ U ⧵ V and y ∈ V ⧵ U . Therefore, X is a T1 space. □

THEOREM 3.9. Let X be a topological space and let n ∈ ℕ. Then X is Hausdor� if and only if Fn(X )

is Hausdor�.

Proof. Suppose that Fn(X ) is Hausdor�, we see that X is Hausdor�. Let x1 and x2 be distinct points

of X . Then {x1} and {x2} are distinct points of Fn(X ). Since Fn(X ) is Hausdor�, there exist open

subsets U and V of Fn(X ) such that {x1} ∈ U , {x2} ∈ V and U ∩ V = ∅. By Theorem 3.1,

there exist nonempty open subsets U1, … , Un , V1, … , Vn of X such that {x1} ∈ ⟨U1, … , Un⟩n ⊆ U

and {x2} ∈ ⟨V1, … , Vn⟩n ⊆ V . Note that ⟨U1, … , Un⟩n ∩ ⟨V1… , Vn⟩n = ∅. Let U = ⋂
m

i=1
Ui and

V = ⋂
n

i=1
Vi . Then x1 ∈ U , x2 ∈ V and U ∩ V = ∅. Therefore, X is Hausdor�.

Now, suppose that X is Hausdor�, we prove that Fn(X ) is Hausdor�. Let A and B be distinct

points ofFn(X ). Then A ⊈ B or B ⊈ A. Without loss of generality, we assume thatA ⊈ B. Let a ∈ A⧵B.

Suppose that B = {b1, … , bm}. Hence, for each i ∈ {1, … ,m}, a ≠ bi . Since X is Hausdor�, for each

i ∈ {1, … ,m}, there exist open subsets Ui and Vi of X such that a ∈ Ui , bi ∈ Vi and Ui ∩ Vi = ∅. Let

U = ⟨X,⋂
m

i=1
Ui⟩

n
and V = ⟨V1, … , Vm⟩n . Then U and V are open subsets of Fn(X ) such that

A ∈ U and B ∈ V . Now, we show that U ∩ V = ∅. Suppose that D ∈ U ∩ V . This implies that

D ∩ (⋂
m

i=1
Ui) ≠ ∅ and D ⊆ ⋃

m

i=1
Vi . Let z ∈ D ∪ (⋂

m

i=1
Ui). Thus, z ∈ ⋃

m

i=1
Vi . Hence, there exists

i0 ∈ {1, … ,m} such that z ∈ Vi0
. Since z ∈ ⋂

m

j=1
Ui , we obtain that z ∈ Ui0

. Thus, z ∈ Vi0
∩Ui0

, which

is a contradiction. Therefore, U ∩ V = ∅ and Fn(X ) is a Hausdor� topological space. □

THEOREM 3.10. Let X be a topological space and let n ∈ ℕ. Then X is pseudo-regular if and only if

Fn(X ) is pseudo-regular.

Proof. Suppose that X is pseudo-regular. Let U be a nonempty open subset of Fn(X ). Then, by

Theorem 3.1, there exist nonempty open subsets U1, … , Un of X such that ⟨U1, … , Un⟩n ⊆ U . Since

X is pseudo-regular, for each i ∈ {1, … , n}, there exists a nonempty open subset Vi of Ui such that

clX (Vi) ⊆ Ui . Note that ⟨V1, … , Vn⟩n is an open subset of Fn(X ). We see that clFn(X )
(⟨V1, … , Vn⟩n) ⊆

U . By Theorem 3.2, part (3), we obtain that clFn(X )
(⟨V1, … , Vn⟩n) = ⟨clX (V1), … , clX (Vn)⟩n . Clearly,

⟨clX (V1), … , clX (Vn)⟩n ⊂ ⟨U1, … , Un⟩n . In consequence, we have that clFn(X )
(⟨V1, … , Vn⟩n) ⊆ U .

Therefore, Fn(X ) is pseudo-regular.

Now, suppose that Fn(X ) is pseudo-regular, we see that X is pseudo-regular. Let U be a nonempty

open subset of X . Then, ⟨U⟩n is a nonempty open subset of Fn(X ). Since Fn(X ) is pseudo-regular,

there exists a nonempty open subset V of Fn(X ) such that clFn(X )
(V) ⊆ ⟨U⟩n . By Theorem 3.1, there

exist nonempty open subsets V1, … , Vn of X such that ⟨V1, … , Vn⟩n ⊆ V . Now, by Theorem 3.2,
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part (3), we have that ⟨clX (V1), … , clX (Vn)⟩n ⊆ ⟨U⟩n . Let V = ⋃
n

i=1
Vi . Then V is a nonempty open

subset of X . It remains to verify that clX (V ) ⊆ U . Let x ∈ clX (V ). Thus, there exists i0 ∈ {1, … , n}

such that x ∈ clX (Vi0
). Without loss of generality, we assume that i0 = 1. Let yi ∈ clX (Vi), for each

i ∈ {2, … , n}. Note that:

{x, y2, … , yn} ∈ ⟨clX (V1), … , clX (Vn)⟩n .

Then {x, y2, … , yn} ∈ ⟨U⟩n . Hence, {x, y2, … , yn} ⊆ U . Thus, x ∈ U and clX (V ) ⊆ U . Therefore, X

is pseudo-regular. □

THEOREM 3.11. Let X be a topological space, let U be an open subset of X and let n ∈ ℕ. Then clX (U )

is pseudo-regular if and only if ⟨clX (U )⟩n is pseudo-regular.

Proof. Suppose that clX (U ) is pseudo-regular. We see that ⟨clX (U )⟩n is pseudo-regular. By The-

orem 3.2, part (3), this is equivalent to verify that clFn(X )
(⟨U ⟩n) is pseudo-regular in Fn(X ). Let

W be a nonempty open subset of clFn(X )
(⟨U ⟩n). Then, W = clFn(X )

(⟨U ⟩n) ∩ W
′
, with W ′

an

open subset of Fn(X ). Since W ≠ ∅, we can take a point B ∈ W . Thus, there exist open subsets

W1, … ,Wm of X such that B ∈ ⟨W1, … ,Wm⟩n ∩ clFn(X )
(⟨U ⟩n) ⊆ W . By Theorem 3.2, part (3), we

have that ⟨W1, … ,Wm⟩n ∩ clFn(X )
(⟨U ⟩n) = ⟨W1, … ,Wm⟩n ∩ ⟨clX (U )⟩n . By [24, p. 8], we have that

⟨W1, … ,Wm⟩n ∩ ⟨clX (U )⟩n is equal to:

⟨

n

⋃

i=1

Wi ∩ clX (U ), clX (U ) ∩ W1, … , clX (U ) ∩ Wm

⟩
n

.

Hence,

B ∈

⟨

n

⋃

i=1

Wi ∩ clX (U ), clX (U ) ∩ W1, … , clX (U ) ∩ Wm

⟩
n

.

Thus, for each i ∈ {1, … ,m}, B ∩ (clX (U ) ∩ Wi) ≠ ∅. For all i ∈ {1, … ,m}, let Ti = Wi ∩ clX (U )

and note that Ti ≠ ∅. Since, for each i ∈ {1, … ,m}, Ti is an open subset of clX (U ) and clX (U ) is

pseudo-regular, for each i ∈ {1, … ,m}, there exists a nonempty open subset T
′

i
in clX (U ) such that

clX (T
′

i
) ⊆ Ti . Let T = ⟨T

′

1
, … , T

′

m
⟩n . Then T is an open subset of ⟨clX (U )⟩n . Also, by Theorem 3.2,

part (3), ⟨clX (U )⟩n = clFn(X )
(⟨U ⟩n). Thus, T is an open subset of clFn(X )

(⟨U ⟩n).

Observe that clFn(X )
(T ) = ⟨clX (T

′

1
), … , clX (T

′

m
)⟩n . Then, since ⟨clX (T

′

1
), … , clX (T

′

m
)⟩n ⊆ ⟨W1 ∩

clX (U ), … ,Wm ∩ clX (U )⟩n , clFn(X )
(T ) ⊆ ⟨W1 ∩ clX (U ), … ,Wm ∩ clX (U )⟩n . Finally, since ⟨W1 ∩

clX (U ), … ,Wm∩clX (U )⟩n ⊆ ⟨W1, … ,Wm⟩n∩clFn(X )
(⟨U ⟩n) and ⟨W1, … ,Wm⟩n∩clFn(X )

(⟨U ⟩n) ⊆W ,

we have that clFn(X )
(T ) ⊆ W . Since W is arbitrary, we have that for each open subset W of

clFn(X )
(⟨U ⟩n), there exists an open subset T of clFn(X )

(⟨U ⟩n) such that clFn(X )
(T ) ⊆W . Therefore,

clFn(X )
(⟨U ⟩n) is pseudo-regular in Fn(X ).

Now assume that ⟨clX (U )⟩n is pseudo-regular, we prove that clX (U ) is pseudo-regular. Let

V be a nonempty open subset of clX (U ). We see that there exists a nonempty open subset W

of V such that cl
clX (U )

(W ) ⊆ V . Note that V = T ∩ clX (U ), with T nonempty open subset of

X . Thus, ⟨V ⟩n = ⟨T⟩n ∩ ⟨clX (U )⟩n is an open subset of ⟨clX (U )⟩n . Since ⟨clX (U )⟩n is pseudo-

regular, we have that there exists a nonempty open subsetW of ⟨V ⟩n such that cl
⟨clX (U )⟩n

(W) ⊆

⟨V ⟩n . Observe thatW = A ∩ ⟨V ⟩n , withA open subset of Fn(X ). It follows that, by Theorem 3.1,

there exist nonempty open subsets A1, … , An of X such that ⟨A1, … , An⟩n ⊆ A. This implies that,

⟨A1, … , An⟩n ∩ ⟨V ⟩n ⊆ A ∩ ⟨V ⟩n = W . Also note that [24, p. 8], clFn(X )
(⟨A1, … , An⟩n ∩ ⟨V ⟩n) =

clFn(X )
(⟨⋃

n

i=1
Ai ∩V , V ∩A1, … , V ∩An⟩n), clFn(X )

(⟨⋃
n

i=1
Ai ∩V , V ∩A1, … , V ∩An⟩n) = ⟨clX (⋃

n

i=1
Ai ∩

V ), clX (V ∩ A1), … , clX (V ∩ An)⟩n and ⟨clX (⋃
n

i=1
Ai ∩ V ), clX (V ∩ A1), … , clX (V ∩ An)⟩n ⊆ ⟨V⟩n .

Let W = ⋃
n

i=1
(V ∩Ai). We prove that cl

clX (U )
(W ) ⊆ V . Recall that cl

clX (U )
(W ) = clX (W ) ∩ clX (U ).

Since clX (W ) ⊆ clX (U ), we have that clX (W ) ∩ clX (U ) = clX (W ). Thus, we only need to prove that

clX (W ) ⊆ V . Let x ∈ clX (W ) = clX (⋃
n

i=1
(V ∩Ai)) = ⋃

n

i=1
clX (V ∩Ai). Then, there exists i0 ∈ {1, … , n}

such that x ∈ clX (V ∩ Ai0
). Without loss of generality, we assume that i0 = 1. For each i ∈ {2, … , n},
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let yi ∈ clX (V ∩ Ai). Then:

{x, y2, … , yn} ∈ ⟨clX (V ∩ A1), … , clX (V ∩ An)⟩n .

Thus, {x, y2, … , yn} ⊆ V . In particular, x ∈ V . Since x ∈ clX (W ) is arbitrary, we conclude that

clX (W ) ⊆ V . Therefore, clX (U ) is pseudo-regular. □

THEOREM 3.12. Let X be a topological space, let U be an open subset of X and let n ∈ ℕ. If clX (U ) is

compact in X , then clFn(X )
(⟨U ⟩n) is compact in Fn(X ).

Proof. Suppose that clX (U ) is compact. It follows that (clX (U ))
n

is compact. By Theorem 3.2, part

(1), fn is a map. Hence, fn((clX (U ))
n
) is compact. Moreover, by Theorem 3.2, part (2), we have that

fn(clX (U )
n
) = Fn(clX (U )). Thus, Fn(clX (U )) is compact. By Theorem 3.2, part (3), clFn(X )

(⟨U ⟩n) =

⟨clX (U )⟩n . On the other hand, Fn(clX (U )) = ⟨clX (U )⟩n . Therefore, clFn(X )
(⟨U ⟩n) is compact. □

As a consequence of Theorems 3.11 and 3.12, we have the following:

THEOREM 3.13. LetX be a topological space and let n ∈ ℕ. IfX is partially compact and pseudo-regular,

then Fn(X ) is partially compact and pseudo-regular.

The following result is a consequence of the proof of [17, Theorem 3.10].

THEOREM 3.14. Let X be a topological space and let n ∈ ℕ. If D is a dense subset of Fn(X ), then ⋃D

is a dense subset of X .

As a consequence of Theorem 3.14 and the proof of [17, Theorem 3.10], we have:

THEOREM 3.15. Let X be a topological space and let A ⊆ X . Then, Fn(A) is dense in Fn(X ) if and only

if A is dense in X .

THEOREM 3.16. Let X be a topological space and let n ∈ ℕ. Then X is perfect if and only if Fn(X ) is

perfect.

Proof. Suppose that Fn(X ) is perfect, we see that X is perfect. Suppose that X has at least one

isolated point, say x0. Then {x0}, is an open subset of X . Hence, ⟨{x0}⟩n = {{x0}} is an open subset

of Fn(X ). Thus, Fn(X ) has an isolated point.

Now, suppose that Fn(X ) has at least one isolated point, say A. Then {A} is an open subset

of Fn(X ). By Theorem 3.1, there exists nonempty open subsets V1, … , Vn of X such that A ∈

⟨V1, … , Vn⟩n ⊂ {A}. Hence, A ⊂ ⋃
n

i=1
Vi ⊂ ⋃{A} = A. Since A is a �nite subset of X , this implies

that X has an isolated point. □

THEOREM 3.17. Let X be a topological space and let n ∈ ℕ. If Fn(X ) has no quasi-isolated points, then

X has no quasi-isolated points.

Proof. Suppose that X has at least one quasi-isolated point, say a. Then, there exists a dense subset

A of X such that a ∈ A and a is an isolated point of A. By Theorem 3.15, Fn(A) is a dense subset

of Fn(X ). Note that {a} ∈ Fn(A). Now, we see that {a} is an isolated point of Fn(A). Since a is an

isolated point of A, there exists an open subset U of X such that U ∩ A = {a}. Hence, ⟨U⟩n is an

open subset of Fn(X ) such that {a} ∈ ⟨U⟩n . Suppose that there exists B ∈ [⟨U⟩n ∩ Fn(A)] ⧵ {{a}}.

Then B ⊂ U ∩ A and B ≠ {a}. Let b ∈ B ⧵ {a}. Hence, b ∈ (U ∩ A) ⧵ {a}, which is a contradiction.

Thus, ⟨U⟩n ∩Fn(A) = {{a}}. Therefore, {a} is an isolated point of Fn(A) and {a} is a quasi-isolated

point of Fn(X ). □

THEOREM 3.18. Let X be a topological space and let n ∈ ℕ. If X has no quasi-isolated points, then

Fn(X ) is perfect.

Proof. Suppose Fn(X ) is not perfect. Then, by Theorem 3.16, X has an isolated point, say x . Let A

be any dense subset of X . Then x ∈ A and, clearly, {x} is an isolated point of A. Therefore, x is a

quasi-isolated point of X . □

By Theorem 3.17 and [34, Lemma 2.5], we have the following result.
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THEOREM 3.19. Let X be a T1 topological space and let n ∈ ℕ. Then X has no quasi-isolated points if

and only if Fn(X ) has no quasi-isolated points.

4. TOPOLOGICAL TRANSITIVITY ON SYMMETRIC PRODUCTS

In this section we study the possible transitivity of the induced function on the symmetric products.

We begin with the following:

THEOREM 4.1. Let X be a topological space, let f ∶ X → X be a function and let n ≥ 2. If there exist

nonempty open subsets U and V of X such that U ∩ V = ∅ and for each k ∈ ℕ, f
−k
(U ) ⊂ V , then

Fn(f )∶ Fn(X ) → Fn(X ) is not ℤ-transitive.

Proof. Let U and V be nonempty open subsets of X such that U ∩ V = ∅ and for each k ∈ ℕ,

f
−k
(U ) ⊂ V . Let W be a nonempty open subset of U . Then ⟨W⟩n and ⟨U⟩n are nonempty open

subsets of Fn(X ). Suppose that Fn(f )∶ Fn(X ) → Fn(X ) is ℤ-transitive. Hence, we have that

NFn(f )
(⟨W⟩n , ⟨U ⟩n) ≠ ∅. Thus, there exists k ∈ ℤ such that [Fn(f )]

k
(⟨W⟩n) ∩ ⟨U⟩n ≠ ∅. Now,

let A ∈ ⟨W⟩n be such that [Fn(f )]
k
(A) ∈ ⟨U⟩n . Then A ⊂ W and f

k
(A) ⊂ U . Thus, we have the

following cases:

(a) k > 0. In this case, we have that A ⊂ U and A ⊂ f
−k
(U ). Since f

−k
(U ) ⊂ V , we obtain that

A ⊂ U ∩ V . In consequence, U ∩ V ≠ ∅, which is a contradiction.

(b) k = 0. For this case, U ⊆ V . Thus, U ∩ V ≠ ∅, which is a contradiction.

(c) k < 0. In this case, we have that −k > 0, f
k
(A) ⊂ f

k
(U ) and f

k
(A) ⊂ U . Since f

k
(U ) ⊂ V , we

have that f
k
(A) ⊂ U ∩ V , then U ∩ V ≠ ∅, which is a contradiction.

Therefore, Fn(f )∶ Fn(X ) → Fn(X ) is not ℤ-transitive. □

THEOREM 4.2. Let (X , d) be a metric space, let f ∶ X → X be a map, let n ≥ 2 and let L ∈ ℝ be such

that 0 < L ≤ 1. If there exists a ∈ X such that f (a) ≠ a and for each x ∈ X and every k ∈ ℕ,

d(x, a) ≤ L ⋅ d(f
k
(x), f (a)), then Fn(f )∶ Fn(X ) → Fn(X ) is not ℤ-transitive.

Proof. Let a ∈ X be such that f (a) ≠ a and suppose that for each x ∈ X , we have that d(x, a) ≤

L ⋅ d(f
k
(x), f (a)). Let " =

d(a,f (a))

2
. Thus, " > 0. We de�ne the subsets of X , U = B(f (a), ") = {x ∈ X ∣

d(f (a), x) < "} and V = B(a, L ⋅ "). Then U and V are nonempty open subsets of X .

We prove that U ∩ V = ∅. Suppose that U ∩ V ≠ ∅. Let b ∈ U ∩ V . Then d(b, f (a)) < " and

d(a, b) < L ⋅ ". By the triangle inequality, we have that d(a, f (a)) ≤ d(a, b) + d(b, f (a)) < L ⋅ " + ".

Since L ≤ 1, L ⋅ " ≤ ". Hence, d(a, f (a)) < 2". Thus, d(a, f (a)) < d(a, f (a)), which is a contradiction.

Therefore, U ∩ V = ∅.

Now, we show that, for each k ∈ ℕ, f
−k
(U ) ⊆ V . Let k ∈ ℕ and let x ∈ f

−k
(U ). Then f

k
(x) ∈ U .

Thus, d(f
k
(x), f (a)) < ". Thus, L ⋅ d(f

k
(x), f (a)) < L ⋅ ". Since d(x, a) ≤ L ⋅ d(f

k
(x), f (a)), we have that

d(x, a) < L ⋅ ". Hence, x ∈ V . Therefore, f
−k
(U ) ⊆ V .

By Theorem 4.1, we obtain that Fn(f )∶ Fn(X ) → Fn(X ) is not ℤ-transitive. □

THEOREM 4.3. Let X be a topological space, let f ∶ X → X be a function and let n ≥ 2. If there exist

nonempty disjoint open subsets U and V ofX and for each k ∈ ℕ, f
k
(V ) ⊂ U , then Fn(f )∶ Fn(X ) →

Fn(X ) is not ℤ-transitive.

Proof. Suppose that there exist nonempty disjoint open subsets U and V of X and for each k ∈ ℕ,

f
k
(V ) ⊂ U . Let W be a nonempty open subset of X such that W ⊂ V . Then ⟨W⟩n and ⟨V ⟩n are

nonempty open subsets of Fn(X ). Suppose that Fn(f )∶ Fn(X ) → Fn(X ) is ℤ-transitive. Hence,

NFn(f )
(⟨W⟩n , ⟨U ⟩n) ≠ ∅. Thus, there exists k ∈ ℤ such that [Fn(f )]

k
(⟨W⟩n) ∩ ⟨U⟩n ≠ ∅. Let

A ∈ ⟨W⟩n be such that [Fn(f )]
k
(A) ∈ ⟨V ⟩n . This implies that A ⊂ W and f

k
(A) ⊂ V . Then we have

the following cases:

(a) k > 0. In this case, f
k
(A) ⊂ f

k
(W ) ⊂ f

k
(V ) and f

k
(A) ⊂ V . Since f

k
(V ) ⊂ U , f

k
(A) ⊂ V ∩ U .

Consequently, U ∩ V ≠ ∅, a contradiction.

(b) k = 0. For this case, U ⊆ V . Thus, U ∩ V ≠ ∅, a contradiction.
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(c) k < 0. In this case, we have that −k > 0. Also, A ⊂ W ⊂ V and A ⊂ f
−k
(V ). Since f

−k
(V ) ⊂ U ,

we obtain that A ⊂ U ∩ V . Thus, U ∩ V ≠ ∅, a contradiction.

Therefore, Fn(f )∶ Fn(X ) → Fn(X ) is not ℤ-transitive. □

THEOREM 4.4. Let (X , d) be a metric space, let f ∶ X → X be a function, let n ≥ 2 and let L ∈ ℝ be

such that L ≥ 1. If there exists a ∈ X such that f (a) ≠ a and for each x ∈ X⧵{a} and every k ∈ ℕ,

L ⋅ d(f
k
(x), f (a)) ≤ d(x, a), then Fn(f )∶ Fn(X ) → Fn(X ) is not ℤ-transitive.

Proof. Let a ∈ X be such that f (a) ≠ a and suppose that for each x ∈ X and for each k ∈ ℕ,

L ⋅ d(f
k
(x), f (a)) ≤ d(x, a). Let " =

d(a,f (a))

2
. Then " > 0. Let U = B(f (a),

"

L
) and let V = B(a, "). Hence,

U and V are nonempty open subsets of X .

We prove that U ∩ V = ∅. Suppose that U ∩ V ≠ ∅. Let b ∈ U ∩ V . Then d(b, f (a)) <
"

L
and

d(a, b) < ". By the triangle inequality, we obtain that d(a, f (a)) ≤ d(a, b) + d(b, f (a)) < " +
"

L
. Since

1 ≤ L,
"

L
≤ ". Hence, d(a, f (a)) < 2". Thus, d(a, f (a)) < d(a, f (a)), which is a contradiction. Therefore,

U ∩ V = ∅.

Now, we see that f
k
(V ) ⊆ U . Let x ∈ V . Then d(x, a) < ". Since L ⋅ d(f

k
(x), f (a)) ≤ d(x, a),

L ⋅ d(f
k
(x), f (a)) < ". Hence, d(f

k
(x), f (a)) <

"

L
. Thus, f

k
(x) ∈ U . Therefore, f

k
(V ) ⊆ U .

By Theorem 4.3, the function Fn(f )∶ Fn(X ) → Fn(X ) is not ℤ-transitive. □

THEOREM 4.5. Let (X , d) be a metric space, let f ∶ X → X be a surjective function and let n ≥ 2. If f

is an isometry, then Fn(f )∶ Fn(X ) → Fn(X ) is not ℤ-transitive.

Proof. Suppose that f is an isometry and that Fn(f ) is ℤ-transitive. Let x, y ∈ X be such that x ≠ y

and r = d(x, y). Then r > 0. Let U = B(x,
r

4
) and let V = B(y,

r

4
). Note that U ∩ V = ∅. Let z1, z2 ∈ U

be such that z1 ≠ z2. Then there exist open subsets U1 and U2 in X such that U1 ∪ U2 ⊆ U and

U1 ∩ U2 = ∅. Hence, ⟨U1, V ⟩n and ⟨U2⟩n are nonempty open subsets of Fn(X ). Since Fn(f ) is ℤ-

transitive, there exists k ∈ ℤ such that [Fn(f )]
k
(⟨U1, V ⟩n) ∩ ⟨U2⟩n ≠ ∅. Let A ∈ ⟨U1, V ⟩n be such

that [Fn(f )]
k
(A) ∈ ⟨U2⟩n . Then A ∩ U1 ≠ ∅, A ∩ V ≠ ∅ and f

k
(A) ⊆ U2. Let a ∈ A ∩ U1 and let

b ∈ A∩V . Observe that, d(x, y) ≤ d(x, a) + d(a, b) + d(b, y), this implies that, d(x, y) <
r

4
+d(a, b) +

r

4
.

Thus, r <
r

2
+ d(a, b). Therefore,

r

2
< d(a, b).

We consider the following cases:

(a) k > 0. In this case, since f
k
(A) ⊆ U2, f

k
(a) ∈ U2 and f

k
(b) ∈ U2. Hence, d(f

k
(a), f

k
(b)) ≤

r

2
. This

implies that
r

2
< d(a, b) = d(f

k
(a), f

k
(b)) ≤

r

2
. Thus,

r

2
<

r

2
, a contradiction.

(b) k = 0. For this case, f
k
(A) = A. Then U ∩ V ≠ ∅, a contradiction.

(c) k < 0. In this case, −k > 0. Then f
k
(A) ⊆ U2. Thus, we obtain that f

−k
(f
k
(A)) ⊆ f

−k
(U2).

Thus, A ⊆ f
−k
(U2). Since a, b ∈ A, we have that a, b ∈ f

−k
(U2). Hence, there exist elements

c, d ∈ U2 such that f
−k
(c) = a and f

−k
(d) = b. Since c, d ∈ U2, d(c, d) ≤

r

2
. However, d(a, b) =

d(f
−k
(c), f

−k
(d)) = d(c, d). Thus,

r

2
<

r

2
, a contradiction.

From these three cases, we conclude that the function Fn(f )∶ Fn(X ) → Fn(X ) is not ℤ-transitive.

□

By Theorem 4.5 and the diagram of Figure 1, we have the following result, compare with [7,

Theorem 4.5].

THEOREM 4.6. Let X be a metric space, let f ∶ X → X be a surjective function and let n ≥ 2. LetM

be one of the following classes of functions: ℤ-transitive, ℤ+-transitive, orbit-transitive, strictly

orbit-transitive, !-transitive, transitive, T T++, strongly transitive, chaotic, totally transitive, weakly

mixing, mixing or exact. If f is an isometry, then Fn(f ) ∉M.

DEFINITION 4.7. Let S
1
= {e

2�i�
∶ � ∈ [0, 1]} and let � be an irrational number. We de�ne the

irrational rotation R∶ S
1
→ S

1
given by R(e

2�i�
) = e

2�i�
(e
2�i�

) = e
2�i(�+�)

, for each � ∈ [0, 1] or

simply;

R(z) = (e
2�i�

)z, for each z ∈ S
1
.

Next we present some of the properties of the irrational rotation function, which are known in

the literature, see [41, p. 261].
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PROPOSITION 4.8. The irrational rotation function R of De�nition 4.7 is: an isometry, minimal, totally

transitive, strongly transitive, transitive, irreducible and semi-open map.

The following result generalizes [21, Theorem 4.3] to arbitrary topological spaces and functions

not necessarily continuous.

THEOREM 4.9. Let X be a topological space, let f ∶ X → X be a function and let n ∈ ℕ. Then Fn(f )

is mixing if and only if f is mixing.

Proof. Suppose that Fn(f ) is mixing. We see that f is mixing. Let U and V be open subsets of X .

Then ⟨U⟩n and ⟨V ⟩n are open subsets of Fn(X ). Since Fn(f ) is mixing, there exists N ∈ ℕ such

that [Fn(f )]
k
(⟨U ⟩n) ∩ ⟨V ⟩n ≠ ∅, for each k ≥ N . We show that for each k ≥ N , f

k
(U ) ∩ V ≠ ∅. Let

k ≥ N . Since [Fn(f )]
k
(⟨U ⟩n) ∩ ⟨V ⟩n ≠ ∅, there exists B ∈ ⟨U⟩n such that [Fn(f )]

k
(B) ∈ ⟨V ⟩n . Thus,

B ⊂ U and f
k
(B) ⊆ V . Then f

k
(U ) ∩ V ≠ ∅. Therefore, f is mixing.

Next, suppose that f is mixing, we prove that Fn(f ) is mixing. Let U and V be nonempty open

subsets of Fn(X ). Then, by Theorem 3.1, there exist nonempty open subsets U1, … , Un , V1, … , Vn

of X such that ⟨U1, … , Un⟩n ⊆ U and ⟨V1, … , Vn⟩n ⊆ V . Since f is mixing, for each i ∈ {1, … , n},

there exists Ni ∈ ℕ such that f
k
(Ui) ∩ Vi ≠ ∅, for every k ≥ Ni . Let N = max{N1, … , Nn}. Note that

f
k
(Ui) ∩ Vi ≠ ∅, for each k ≥ N and every i ∈ {1, … , n}. Let k ≥ N . Then for each i ∈ {1, … , n},

f
k
(Ui)∩Vi ≠ ∅. Hence, for every i ∈ {1, … , n}, let xi ∈ Ui be such that f

k
(xi) ∈ Vi . LetA = {x1, … , xn}.

Observe that A ∈ ⟨U1, … , Un⟩n and [Fn(f )]
k
(A) ∈ ⟨V1, … , Vn⟩n . Thus, [Fn(f )]

k
(U ) ∩ V ≠ ∅. Hence,

for each k ≥ N , [Fn(f )]
k
(U ) ∩ V ≠ ∅. Therefore, Fn(f ) is mixing. □

The following theorem generalizes the corresponding part of [6, Theorem 10.1] to arbitrary

topological spaces and functions not necessarily continuous.

THEOREM 4.10. Let X be a topological space, let f ∶ X → X be a function and let n ∈ ℕ. Then Fn(f )

is semi-open if and only if f is semi-open.

Proof. Suppose that Fn(f ) is semi-open, we see that f is semi-open. Let U be a nonempty open

subset of X . Then, ⟨U⟩n is a nonempty open subset of Fn(X ). Since Fn(f ) is semi-open, we obtain

that intFn(X )
(Fn(f )(⟨U ⟩n)) ≠ ∅. Thus, there exists a nonempty open subset V of Fn(X ) such that

V ⊆ Fn(f )(⟨U ⟩n). Let V = ∪V . By Theorem 3.2, part (4), we have that V is an open subset of X . Now,

we show that V ⊆ f (U ). Let z ∈ V . Then there exists B ∈ V such that z ∈ B. Hence, B ∈ Fn(f )(⟨U ⟩n).

Thus, there exists A ∈ ⟨U⟩n such that Fn(f )(A) = B. This implies that z ∈ f (A). Since A ⊆ U ,

f (a) = z ∈ f (U ). Hence, V ⊆ f (U ) and intX (f (U )) ≠ ∅. Therefore, f is semi-open.

Now, suppose that f is semi-open, the proof that Fn(f ) is semi-open is essentially the same as

the proof of (1) implies (2) of [6, Theorem 10.1]. □

The following theorem also extends [16, Theorem 13] to arbitrary topological spaces and functions

not necessarily continuous.

THEOREM 4.11. Let X be a topological space, let f ∶ X → X be a function and let n ∈ ℕ. Then Fn(f )

is exact if and only if f is exact.

Proof. Suppose that f is exact, we show thatFn(f ) is exact. LetU be a nonempty open subset ofFn(X ).

Then, by Theorem 3.1, there exist nonempty open subsetsU1, … , Un ofX such that ⟨U1, … , Un⟩n ⊆ U .

Since f is exact, there exist k1, … , kn ∈ ℕ such that f
ki (Ui) = X . Let k = max{k1, … , kn}. Since f

is exact and by the diagram of Figure 1, we obtain that f is surjective. Thus, f
k
(Ui) = X , for each

i ∈ {1, … , n}. Now, we show that:

Fn(X ) ⊆ [Fn(f )]
k
(⟨U1, … , Un⟩n).

Let B = {b1, … , br} ∈ Fn(X ), with r ≤ n. De�ne C = {b1, … , br , br+1, … , bn}, where br =

br+1 = ⋯ = bn . Then, for each i ∈ {1, … , n}, bi ∈ X = f
k
(Ui). Thus, for every i ∈ {1, … , n},

there exists ai ∈ Ui such that f
k
(ai) = bi . Let A = {a1, … , an}. Then A ∈ ⟨U1, … , Un⟩n and

[Fn(f )]
k
(A) = C = B. Thus, B ∈ [Fn(f )]

k
(⟨U1, … , Un⟩n). Hence, Fn(X ) = [Fn(f )]

k
(⟨U1, … , Un⟩n).

Therefore, [Fn(f )]
k
(U ) = Fn(X ), and f is exact.
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The proof of the converse implication is essentially the same as the one given in [16, Theorem 13].

□

The proof of the following two results generalize [21, Theorem 4.5] to arbitrary topological

spaces and functions that are not necessarily continuous.

THEOREM 4.12. Let X be a topological space, let f ∶ X → X be a function and let n ∈ ℕ. If Fn(f ) is

transitive, then f is transitive.

Proof. Suppose that Fn(f ) is transitive, we see that f is transitive. Let U and V be nonempty open

subsets of X . Then ⟨U⟩n and ⟨V ⟩n are nonempty open subsets of Fn(X ). Since Fn(f ) is transitive,

there exists k ∈ ℕ such that [Fn(f )]
k
(⟨U ⟩n) ∩ ⟨V ⟩n ≠ ∅. Thus, there exists A ∈ ⟨U⟩n such that

[Fn(f )]
k
(A) ∈ ⟨V ⟩n . This implies that, f

k
(U ) ∩ V ≠ ∅. Therefore, f is transitive. □

THEOREM 4.13. Let X be a topological space, let f ∶ X → X be a function and let n ∈ ℕ. If Fn(f ) is

weakly mixing, then f is weakly mixing.

Proof. Suppose that Fn(f ) is weakly mixing, we prove that f is weakly mixing. Let U1, U2, V1 and V2

be nonempty open subsets of X . Then ⟨U1⟩n , ⟨U2⟩n , ⟨V1⟩n and ⟨V2⟩n are nonempty open subsets of

Fn(X ). Since Fn(f ) is weakly mixing, there exists k ∈ ℕ such that [Fn(f )]
k
(⟨Ui⟩n) ∩ ⟨Vi⟩n ≠ ∅, for

each i ∈ {1, 2}. Then there exist elements B1 ∈ ⟨U1⟩n and B2 ∈ ⟨U2⟩n such that [Fn(f )]
k
(B1) ∈ ⟨V1⟩n

and [Fn(f )]
k
(B2) ∈ ⟨V2⟩n . Thus, we obtain that f

k
(B1) ⊆ V1 and f

k
(B2) ⊆ V2. Hence, f

k
(U1) ∩V1 ≠ ∅,

and f
k
(U2) ∩ V2 ≠ ∅. Therefore, f is weakly mixing. □

The following result is part of [21, Theorem 4.5].

THEOREM 4.14. Let X be a topological space, let f ∶ X → X be a function and let n ∈ ℕ. If f is a map,

then the following statements are equivalent:

(1) f is weakly mixing.

(2) Fn(f ) is weakly mixing.

(3) Fn(f ) is transitive.

THEOREM 4.15. (compare with [7, Theorem 4.12]) Let X be a topological space, let f ∶ X → X be a

function and let n ∈ ℕ. If Fn(X ) is totally transitive, then f is totally transitive.

Proof. Suppose that Fn(f ) is totally transitive, we see that f is totally transitive. Let s ∈ ℕ. We

prove that f
s

is transitive. Let U and V be nonempty open subsets of X . Then ⟨U⟩n and ⟨V ⟩n

are nonempty open subsets of Fn(X ). Since Fn(f ) is totally transitive, [Fn(f )]
s

is transitive. Thus,

there exists k ∈ ℕ such that ([Fn(f )]
s
)
k
(⟨U ⟩n) ∩ ⟨V ⟩n ≠ ∅; i.e., [Fn(f )]

sk
(⟨U ⟩n) ∩ ⟨V ⟩n ≠ ∅. Then

there exists B ∈ ⟨U⟩n such that [Fn(f )]
sk
(B) ∈ ⟨V ⟩n . Hence, f

sk
(B) ⊆ V . Thus, (f

s
)
k
(U ) ∩ V ≠ ∅.

Therefore, f
s

is transitive. Since s is an arbitrary positive integer, f is totally transitive. □

THEOREM 4.16. (compare with [7, Theorem 4.13]) Let X be a topological space, let f ∶ X → X be a

function and let n ∈ ℕ. If Fn(f ) is strongly transitive, then f is strongly transitive.

Proof. Suppose that Fn(f ) is strongly transitive, we show that f is strongly transitive. Let U be a

nonempty open subset of X . Then ⟨U⟩n is a nonempty open subset of Fn(X ). Thus, by hypothesis,

there exists s ∈ ℕ such that:

Fn(X ) =

s

⋃

k=0

[Fn(f )]
k
(⟨U ⟩n).

We prove that X = ⋃
s

k=0
f
k
(U ). Let x ∈ X . We prove that x ∈ ⋃

s

k=0
f
k
(U ). Note that {x} ∈ Fn(X ).

Thus, {x} ∈ ⋃
s

k=0
[Fn(f )]

k
(⟨U ⟩n). Then there exists k0 ∈ {0, … , s} such that {x} ∈ [Fn(f )]

k0 (⟨U ⟩n).

Hence, there exists A ∈ ⟨U⟩n such that [Fn(f )]
k0 (A) = {x}. Since A ⊆ U , x ∈ ⋃

s

k=0
f
k
(U ). Thus,

X ⊆ ⋃
s

k=0
f
k
(U ). Therefore, f is strongly transitive. □

THEOREM 4.17. Let X be a topological space, let f ∶ X → X be a function, let n ∈ ℕ and letA ∈ Fn(X ).

If A ∈ trans(Fn(f )), then, for each a ∈ A, a ∈ trans(f ).
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Proof. Let A ∈ Fn(X ) be such that A ∈ trans(Fn(f )). Let a ∈ A. We show that a ∈ trans(f ). Let

U be a nonempty open subset of X . Then ⟨U⟩n is a nonempty open subset of Fn(X ) such that

{a} ∈ ⟨U⟩n . Since A ∈ trans(Fn(f )), clFn(X )(O(A,Fn(f ))) = Fn(X ). Hence, ⟨U⟩n ∩ O(A,Fn(f )) ≠ ∅.

Thus, there exists k ∈ ℤ+ such that [Fn(f )]
k
(A) ∈ ⟨U⟩n; i.e., f

k
(A) ⊆ U . In particular, f

k
(a) ∈ U .

Hence, f
k
(a) ∈ U ∩ O(a, f ) and U ∩ O(a, f ) ≠ ∅. Thus, clX (O(a, f )) = X . Therefore, for each a ∈ A,

we have that a ∈ trans(f ). □

COROLLARY 4.18. Let X be a topological space, let f ∶ X → X be a function and let n ∈ ℕ. If

trans(Fn(f )) = Fn(X ), then trans(f ) = X .

Proof. Suppose that trans(Fn(f )) = Fn(X ). Let x ∈ X . Then {x} ∈ Fn(X ). Hence, {x} ∈ trans(Fn(f )).

Then, by Theorem 4.17, x ∈ trans(f ). Therefore, trans(f ) = X . □

As consequence from Theorem 4.18 we have the following result:

THEOREM 4.19. Let X be a topological space, let f ∶ X → X be a function and let n ∈ ℕ. If

trans(Fn(f )) = Fn(X ), then f is minimal.

THEOREM 4.20. Let X be a topological space, let f ∶ X → X be a function and let n ∈ ℕ. If Fn(f ) is

minimal, then f is minimal.

Proof. Suppose that Fn(f ) is minimal, we prove that f is minimal. Let F be a nonempty, closed

and +invariant subset of X . We show that X = F . Note that ⟨F⟩n is a nonempty closed subset

of Fn(X ) (Theorem 3.2, part (6)). Clearly, ⟨F⟩n is +invariant under Fn(f ). Since Fn(f ) is minimal,

⟨F⟩n = Fn(X ). Let x ∈ X . Then {x} ∈ Fn(X ). Thus, {x} ∈ ⟨F⟩n . Hence, x ∈ F and X ⊆ F . Therefore,

X = F and f is minimal. □

The following result extends the corresponding part of [21, Theorem 4.9] to arbitrary topological

spaces and not necessarily continuous functions.

THEOREM 4.21. Let X be a topological space, let f ∶ X → X be a function and let n ∈ ℕ. If Fn(f ) is

chaotic, then f is chaotic.

Proof. Suppose that Fn(f ) is chaotic, we show that f is chaotic. Since Fn(f ) is chaotic, Fn(f ) is

transitive and Per(Fn(f )) is dense in Fn(X ). Then, by Theorem 4.12, we have that f is transitive.

Also, by Theorem 3.6, we obtain that Per(f ) is a dense subset of X . Therefore, f is chaotic. □

In [21, Example 4.10], it is shown that the map f of Example 4.22 is chaotic and the induced maps,

Fn(f ), are not chaotic, for any n ≥ 2.

EXAMPLE 4.22. Let X = [0, 1] and f ∶ X → X given by:

f (x) =

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎩

2x +
1

2
, if x ∈ [0,

1

4
];

3

2
− 2x, if x ∈ [

1

4
,
1

2
];

1 − x, if x ∈ [
1

2
, 1].

The following theorem extends the corresponding part of [7, Theorem 5.6].

THEOREM 4.23. Let X be a topological space, let f ∶ X → X be a function and let n ∈ ℕ. If f is

turbulent, then Fn(f ) is turbulent.

Proof. Suppose that f is turbulent. Then, there exist compact nondegenerate subsets C and K of

X such that C ∩ K has at most one point and K ∪ C ⊆ f (K) ∩ f (C). By Theorem 3.2, part (5),

we have that ⟨C⟩n and ⟨K⟩n are compact subsets of Fn(X ). Since C ∩ K ⊂ {a}, it follows that

⟨C⟩n ∩ ⟨K⟩n ⊂ {{a}}. Now, we show that ⟨C⟩n ∪ ⟨K⟩n ⊆ Fn(f )(⟨K⟩n) ∩ Fn(f )(⟨C⟩n). Note that

⟨K⟩n ∪ ⟨C⟩n ⊆ ⟨K ∪C⟩n . Since K ∪C ⊆ f (K) ∩ f (C), we obtain that, ⟨K ∪C⟩n ⊆ ⟨f (K) ∩ f (C)⟩n . Also,

since ⟨f (K) ∩ f (C)⟩n = ⟨f (K)⟩n ∩ ⟨f (C)⟩n and ⟨f (K)⟩n ∩ ⟨f (C)⟩n = ⟨Fn(f )(K)⟩n ∩ ⟨Fn(f )(C)⟩n , we

have that, ⟨K ∪ C⟩n ⊆ ⟨Fn(f )(K)⟩n ∩ ⟨Fn(f )(C)⟩n . Hence, ⟨K ∪ C⟩n ⊆ ⟨Fn(f )(K)⟩n ∩ ⟨Fn(f )(C)⟩n .

Next, we prove that:

⟨Fn(f )(K)⟩n ∩ ⟨Fn(f )(C)⟩n ⊆ Fn(f )(⟨K⟩n) ∩ Fn(f )(⟨C⟩n).

Let A ∈ ⟨Fn(f )(K)⟩n ∩ ⟨Fn(f )(C)⟩n . Then A ⊆ f (K) ∩ f (C). Thus, there exist B ⊆ K and D ⊆ C

such that f (B) = A and f (D) = A; i.e., Fn(f )(B) = A and Fn(f )(D) = A. Hence, A ∈ Fn(f )(⟨K⟩n) ∩
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Fn(f )(⟨C⟩n). This proves our last claim. Therefore, we have that ⟨K⟩n ∪ ⟨C⟩n ⊆ Fn(f )(⟨K⟩n) ∩

Fn(f )(⟨C⟩n), and Fn(f ) is turbulent. □

QUESTION 4.24. Which conditions are needed to obtain the converse of Theorem 4.23?

The following result generalizes [7, Theorem 5.1] and its proof is essentially the same.

THEOREM 4.25. Let X be a topological space, let f ∶ X → X be a function and let n ∈ ℕ. If Fn(f ) is

irreducible, then f is irreducible.

QUESTION 4.26. Which conditions are needed to obtain the converse of Theorem 4.25?

5. OTHER TYPES OF TRANSITIVITY

We consider the di�erent types of transitivity that we de�ne above.

THEOREM 5.1. Let X be a topological space, let f ∶ X → X be a function and let n ∈ ℕ. If Fn(f ) is

orbit-transitive, then f is orbit-transitive.

Proof. Suppose that Fn(f ) is orbit-transitive. We proved that f is orbit-transitive. By hypothesis,

there exists A ∈ Fn(X ) such that clFn(X )
(O(A,Fn(f ))) = Fn(X ). Hence, A ∈ trans(Fn(f )). Let a ∈ A.

By Theorem 4.17, a ∈ trans(f ). Thus, clX (O(a, f )) = X . Therefore, f is orbit-transitive. □

THEOREM 5.2. Let X be a topological space, let f ∶ X → X be a function and let n ∈ ℕ. If f is

orbit-transitive and each open subset of X is +invariant under f , then Fn(f ) is orbit-transitive.

Proof. Suppose that f is orbit-transitive and that all the open subsets of X are +invariant under f .

Thus, there exists x0 ∈ X with clX (O(x0, f )) = X . We show that clFn(X )
(O({x0},Fn(f ))) = Fn(X ). Let

U be a nonempty open subset of Fn(X ). Then, there exist nonempty open subsets U1, … , Ur of X

such that ⟨U1, … , Ur⟩n ⊆ U . Since clX (O(x, f )) = X , for each i ∈ {1, … , r}, there exists ki ∈ ℤ+ such

that f
ki (x0) ∈ Ui . Let k = max{k1, … , kr}. Note that, for every i ∈ {1, … , r}, f

k
(x0) = f

k−ki (f
ki (x0)).

Since f
ki (x0) ∈ Ui , f

k−ki (f
ki (x0)) ∈ f

k−ki (Ui). Because Ui is +invariant, f
k−ki (f

ki (x0)) ∈ Ui , for each

i ∈ {1, … , r}. Thus, for every i ∈ {1, … , r}, f
k
(x0) ∈ Ui . Hence, [Fn(f )]

k
({x0}) ∈ ⟨U1, … , Ur⟩n .

Therefore, ∅ ≠ ⟨U1, … , Ur⟩n ∩ O({x0},Fn(f )) ⊂ U ∩ O({x0},Fn(f )), and consequently Fn(f ) is

orbit-transitive. □

THEOREM 5.3. Let X be a topological space, let f ∶ X → X be a function and let n ∈ ℕ. If Fn(f ) is

strictly orbit-transitive, then f is strictly orbit-transitive.

Proof. Suppose that Fn(f ) is strictly orbit-transitive. Then, there exists {x1, … , xr} ∈ Fn(X ) such

that:

clFn(X )
(O(Fn(f )({x1, … , xr}),Fn(f ))) = Fn(X );

i.e., clFn(X )
(O({f (x1), … , f (xr )},Fn(f ))) = Fn(X ). By Theorem 4.17, we have that for each i ∈

{1, … , r}, clX (O(f (xi), f )) = X . Therefore, f is strictly orbit-transitive. □

THEOREM 5.4. Let X be a topological space, let f ∶ X → X be a function and let n ∈ ℕ. If f is strictly

orbit-transitive and each open subset of X is +invariant under f , then Fn(f ) is strictly orbit-transitive.

Proof. Suppose that f is strictly orbit-transitive and that all open subset of X is +invariant under f .

Then there exists x0 ∈ X such that clX (O(f (x0), f )) = X . LetU be a nonempty open subset of Fn(X ).

Hence, there exist nonempty open subsets V1, … , Vn of X such that ⟨V1, … Vn⟩n ⊆ U . By the election

of x0, for each i ∈ {1, … , n}, there exists ki ∈ ℕ such that f
ki (x0) ∈ Vi . Let k = max{k1, … , kn}. By

an argument similar to the one given in the proof of Theorem 5.3, we obtain that ⟨V1, … , Vn⟩n ∩

O({f (x0)},Fn(f )) ≠ ∅. Therefore, U ∩ O({f (x0)},Fn(f )) ≠ ∅. Hence, clFn(X )
(O({f (x0)},Fn(f ))) =

Fn(X ). Thus, Fn(f ) is strictly orbit-transitive. □

THEOREM 5.5. Let X be a topological space, let f ∶ X → X be a function, let n ∈ ℕ and let A ∈ Fn(X ).

If !(A,Fn(f )) = Fn(X ), then, for each a ∈ A, !(a, f ) = X .
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Proof. Suppose that !(A,Fn(f )) = Fn(X ). Let a ∈ A. We see that !(a, f ) = X . Let y ∈ X , let k ∈ ℕ

and let U be an open subset of X such that y ∈ U . Note that {y} ∈ Fn(X ) and that ⟨U⟩n is an

open subset of Fn(X ) such that {y} ∈ ⟨U⟩n . Since {y} ∈ !(A,Fn(f )), there exists m > k such that

[Fn(f )]
m
(A) ∈ ⟨U⟩n . Hence, f

m
(A) ⊆ U . Then f

m
(a) ∈ U . Thus, y ∈ !(a, f ). Therefore, !(a, f ) = X ,

for every a ∈ A. □

As a consequence from Theorem 5.5, we have the following:

THEOREM 5.6. Let X be a topological space, let f ∶ X → X be a function and let n ∈ ℕ. If Fn(f ) is

!-transitive, then f is !-transitive.

THEOREM 5.7. Let X be a topological space, let f ∶ X → X be a function and let n ∈ ℕ. If f is

!-transitive and each open subset of X is +invariant, then Fn(f ) is !-transitive.

Proof. Suppose that f is !-transitive and that each open subset U of X is +invariant under f . Then

there exists x0 ∈ X such that !(x0, f ) = X . We prove that !({x0},Fn(f )) = Fn(X ). Let A ∈ Fn(X ),

let k ∈ ℕ and let U be an open subset of Fn(X ) such that A ∈ U . Then, there exist nonempty open

subsets V1, … , Vn of X such that A ∈ ⟨V1, … , Vn⟩n ⊆ U . By election of x0, for each i ∈ {1, … , n},

there exists mi ≥ k such that f
mi (x0) ∈ Vi . Let m = max{m1, … ,mn}. Since f

ni (x0) ∈ Vi , we have

that f
m−ni (f

ni (x0)) ∈ f
m−ni (Vi). Because Vi is +invariant under f , f

m−ni (Vi) ⊆ Vi . Then, for every

i ∈ {1, … , n}, f
m
(x0) ∈ Vi . Hence, [Fn(f )]

m
({x0}) ∈ ⟨V1, … , Vn⟩n ⊆ U . Thus, A ∈ !({x0},Fn(f )).

Therefore, !({x0},Fn(f )) = Fn(X ), and Fn(f ) is !-transitive. □

THEOREM 5.8. Let X be a topological space, let f ∶ X → X be a function and let n ∈ ℕ. If Fn(f ) is

IN , then f is IN .

Proof. Suppose that f is not IN . Then there exist two proper, closed and +invariant subsets C1 and

C2 of X such that X = C1 ∪ C2. By Theorem 3.2 part (3), ⟨X , C1⟩n and ⟨X , C2⟩n are closed subsets of

Fn(X ).

We show that, ⟨X , C1⟩n and ⟨X , C2⟩n are +invariant subsets under Fn(f ) of Fn(X ). Let A ∈

⟨X , C1⟩n . Then A ∩ C1 ≠ ∅. Since f (A ∩ C1) ⊆ f (A) ∩ f (C1) ⊆ f (A) ∩ C1, we obtain that f (A) ∩ C1 ≠ ∅.

Hence, f (A) ∈ ⟨X , C1⟩n . Thus, Fn(f )(⟨X , C1⟩n) ⊆ ⟨X , C1⟩n , and ⟨X , C1⟩n is +invariant under Fn(f ).

Similarly, we obtain that ⟨X , C2⟩n is +invariant under Fn(f ).

Clearly, ⟨X , C1⟩n and ⟨X , C2⟩n are proper subsets of Fn(X ) and Fn(X ) = ⟨X , C1⟩n ∪ ⟨X , C2⟩n .

Therefore, Fn(f ) is not IN . □

THEOREM 5.9. Let X be a topological space, let f ∶ X → X be a function and let n ∈ ℕ. If Fn(f ) is

T T++, then f is T T++.

Proof. Suppose that for each pair of nonempty open subsetsU and V of Fn(X ), the set nFn(f )
(U ,V)

is in�nite. Let U and V be nonempty open subsets of X . Then ⟨U⟩n and ⟨V ⟩n are open subsets of

Fn(X ). SinceFn(f ) is T T++, the set nFn(f )
(⟨U ⟩n , ⟨V ⟩n) is in�nite. We prove that nFn(f )

(⟨U ⟩n , ⟨V ⟩n) ⊆

n
f
(U , V ). Let k ∈ nFn(f )

(⟨U ⟩n , ⟨V ⟩n). Then ⟨U⟩n ∩ [Fn(f )]
−k
(⟨V ⟩n) ≠ ∅. Let

A ∈ ⟨U⟩n ∩ [Fn(f )]
−k
(⟨V ⟩n).

Then A ⊆ U and [Fn(f )]
k
(A) ∈ ⟨V ⟩n . Thus, A ⊆ U and A ⊆ f

−k
(V ). Hence, U ∩ f

−k
(V ) ≠ ∅. Thus,

k ∈ n
f
(U , V ), and nFn(f )

(⟨U ⟩n , ⟨V ⟩n) ⊆ nf (U , V ). Therefore, f satis�es the property T T++. □

THEOREM 5.10. Let X be a topological space, let f ∶ X → X be a function and let n ∈ ℕ. If Fn(f ) is

ℤ-transitive, then f is ℤ-transitive.

Proof. Let U and V be nonempty open subsets of X . Note that ⟨U⟩n and ⟨V ⟩n are nonempty

open subsets of Fn(X ). Since Fn(f ) is ℤ-transitive, it follows that NFn(f )
(⟨U ⟩n , ⟨V ⟩n) ≠ ∅. Let

k ∈ NFn(f )
(⟨U ⟩n , ⟨V ⟩n). Then ⟨U⟩n ∩ [Fn(f )]

−k
(⟨V ⟩n) ≠ ∅. Let A ∈ ⟨U⟩n ∩ [Fn(f )]

−k
(⟨V ⟩n). Thus,

A ∈ ⟨U⟩n and [Fn(f )]
k
(A) ∈ ⟨V ⟩n . Hence, A ⊂ U and f

k
(A) ⊂ V . This implies that U ∩ f

−k
(V ) ≠ ∅,

and k ∈ N
f
(U , V ). Therefore, f is ℤ-transitive. □

A similar proof given in Theorem 5.10 gives:

THEOREM 5.11. Let X be a topological space, let f ∶ X → X be a function and let n ∈ ℕ. If Fn(f ) is

ℤ+-transitive, then f is ℤ+-transitive.
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THEOREM 5.12. LetX be a topological space, let f ∶ X → X be a function and let n ∈ ℕ. If trans(Fn(f ))

is a dense subset in Fn(X ), then trans(f ) is a dense subset in X .

Proof. Suppose that trans(Fn(f )) is a dense subset in Fn(X ). We see that trans(f ) is a dense subset

in X . Let U be a nonempty open subset of X . Then ⟨U⟩n is a nonempty open subset of Fn(X ).

Since trans(Fn(f )) is dense in Fn(X ), ⟨U⟩n ∩ (trans(Fn(f ))) ≠ ∅. Let A ∈ ⟨U⟩n ∩ (trans(Fn(f ))) ≠ ∅.

Hence, A ⊆ U and A ∈ trans(Fn(f )). Then, by Theorem 4.17, we have that A ⊂ trans(f ). Thus,

A ⊂ U ∩ trans(f ). Hence, U ∩ trans(f ) ≠ ∅, and clX (trans(f )) = X . Therefore, trans(f ) is a dense

subset in X . □

6. RESULTS CONDITIONING THE FUNCTIONS AND/OR THE PHASE SPACES

We begin with the following result, which is a consequence of [36, Theorem 5.10].

THEOREM 6.1. Let X be a topological space and let n ∈ ℕ. A function f ∶ X → X is continuous if and

only if Fn(f )∶ Fn(X ) → Fn(X ) is continuous.

The following theorem is easy to establish.

THEOREM 6.2. Let X be a topological space, let f ∶ X → X be a function and let n ∈ ℕ.

a) f is one-to-one if and only if Fn(f ) is one-to-one;

b) f is onto if and only if Fn(f ) is onto.

THEOREM 6.3. Let X be a topological space, let f ∶ X → X be a function, let n ∈ ℕ and let A ∈ Fn(X ).

Consider the following statements:

(a) A ∈ trans(Fn(f ));

(b) For each k ∈ ℕ, [Fn(f )]
k
(A) ∈ trans(Fn(f ));

(c) For each a ∈ A, a ∈ trans(f );

(d) For each a ∈ A and for every k ∈ ℕ, f
k
(a) ∈ trans(f );

If Fn(X ) does not have isolated points, then: (a) and (b) are equivalent; (c) and (d) are equivalent; (a)

implies (c); and (b) implies (d).

Proof. Suppose that Fn(X ) does not have quasi-isolated points. By [34, Lemma 2.6], we have that

for each k ∈ ℕ and every A ∈ Fn(X ), A is a transitive point of Fn(f ), if and only if [Fn(f )]
k
(A) is

a transitive point of Fn(f ). By Theorem 3.17, we have that X does not have quasi-isolated points.

Hence, by [34, Lemma 2.6], we have that (c) and (d) are equivalent. Now, by Theorem 4.17, (a) implies

(c). Now, if k ∈ ℕ and A = {a1, … , ar} ∈ Fn(X ), then [Fn(f )]
k
(A) = {f

k
(a1), … , f

k
(ar )}. Thus, if

[Fn(f )]
k
(A) is a transitive point of Fn(f ), then by Theorem 4.17, we have that f

k
(xi) is a transitive

point of f , for each i ∈ {1, … , r}. Therefore, (b) implies (d). □

THEOREM 6.4. Let X be a topological space, let f ∶ X → X be a function and let n ∈ ℕ. Consider the

following statements:

(1) Fn(f ) is !-transitive;

(2) Fn(f ) is strictly orbit-transitive;

(3) Fn(f ) is orbit-transitive;

(4) Fn(f ) is transitive;

(5) f is !-transitive;

(6) f is strictly orbit-transitive;

(7) f is orbit-transitive;

(8) f is transitive.

If X is T1 without quasi-isolated points, then: (1), (2) and (3) are equivalent; (5), (6) and (7) are

equivalent; (1) implies (5), (2) implies (6), (3) implies (7), (4) implies (8), (3) implies (4) and (7) implies

(8).

Proof. Suppose that X is a T1 topological space without quasi-isolated points. By Theorem 3.19, we

have that Fn(X ) does not have quasi-isolated points. Then, by [34, Proposition 2.7], (2) and (3) are

equivalent. By [34, Proposition 3.2], (2) and (1) are equivalent. Thus, (1), (2) and (3) are equivalent.

Similarly, we show that (5), (6) and (7) are equivalent. By Theorem 5.3, (2) implies (6). Also, by
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Theorem 5.1, (3) implies (7). By Theorem 4.12, (4) implies (8). Finally, by [34, Proposition 4.1], (3)

implies (4) and (7) implies (8). □

THEOREM 6.5. Let X be a topological space, let f ∶ X → X be a function and let n ∈ ℕ. Consider the

following statements:

(1) Fn(f ) is !-transitive;

(2) Fn(f ) is strictly orbit-transitive;

(3) Fn(f ) is transitive;

(4) f is !-transitive;

(5) f is strictly orbit-transitive;

(6) f is transitive.

If f is a map and X is partially compact and pseudo-regular with a countable base, then: (1) and (2)

are equivalent; (4) and (5) are equivalent; (1) implies (4), (2) implies (5), (3) implies (4), (2) implies (3),

and (5) implies (6).

Proof. Suppose that f is a map and X is partially compact and pseudo-regular with a countable

base. Then, by [34, Proposition 3.2], we have that (4) and (5) are equivalent. Now, by Theorem 6.1,

Fn(f ) is a map. Again, by [34, Proposition 3.2], (1) and (2) are equivalent. Next, by Theorem 5.6,

(1) implies (4). By Theorem 5.3, (2) implies (5). Now, we show that (3) implies (4). Suppose that

Fn(f ) is transitive. By Theorems 3.7 and 3.13, Fn(X ) has a countable base and it is partially compact

and pseudo-regular. Thus, by [34, Proposition 5.7], Fn(f ) is !-transitive and by Theorem 5.6, f is

!-transitive. Hence, (3) implies (4). By [34, Proposition 5.2], (2) implies (3) and (5) implies (6). □

THEOREM 6.6. Let X be a topological space, let f ∶ X → X be a function and let n ∈ ℕ. Consider the

following statements:

(1) f is strictly orbit-transitive;

(2) f is transitive;

(3) Fn(f ) is strictly orbit-transitive;

(4) Fn(f ) is transitive;

(5) f is weakly mixing;

(6) Fn(f ) is weakly mixing.

If f is a map, then: (4), (5) and (6) are equivalent; (1) implies (2), (3) implies (4), (3) implies (1) and (4)

implies (2).

Proof. Suppose that f is a map. Then, by [34, Proposition 5.2], (1) implies (2). By Theorem 6.1,

Fn(f ) is a map. Thus, by [34, Proposition 5.2], (3) implies (4). By Theorem 5.3, (3) implies (1). By

Theorem 4.12, (4) implies (2). Now, by Theorem 4.14, we have that (4), (5) and (6) are equivalent. □

THEOREM 6.7. Let X be a topological space, let f ∶ X → X be a function and let n ∈ ℕ. Consider the

following statements:

(1) f is T T++;

(2) f is transitive;

(3) f is ℤ+-transitive;

(4) f is ℤ-transitive;

(5) f is IN ;

(6) Fn(f ) is T T++;

(7) Fn(f ) is transitive;

(8) Fn(f ) is ℤ+-transitive;

(9) Fn(f ) is ℤ-transitive;

(10) Fn(f ) is IN .

If X is a Hausdor� and perfect space and f is a map, then: (1), (2), (3), (4) and (5) are equivalent; (6),

(7), (8), (9) and(10) are equivalent; (6) implies (1), (7) implies (2), (8) implies (3), (9) implies (4) and

(10) implies (5).

Proof. Suppose that X is a perfect Hausdor� topological space and that f is a map. By [2, Theorem

1.4], we have that (1), (2), (4) and (5) are equivalent. Then, by the diagram of Figure 1, we have that

(1), (2), (3), (4) and (5) are equivalent. By Theorem 5.9, (6) implies (1), by Theorem 4.12, (7) implies (2).
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By Theorem 5.11, (8) implies (3). By Theorem 5.10, (9) implies (4) and by Theorem 5.8, (10) implies

(5). Now, by Theorems 3.9, 3.16 and 6.1, we have that Fn(X ) is a perfect and Hausdor� space, and

Fn(f ) is a map. Again, by [2, Theorem 1.4] and by the diagram in Figure 1, we have that (6), (7), (8),

(9) and (10) are equivalent. □
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